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Abstract 

It seems that the problem of finding a suitable position operator for photon has been 
solved in a recently published work which is based on a new commutation relation 
between position and momentum operators of massless particles[l]. Although the 
authors of [1] have presented a classical reasoning in favour of the new commuta- 
tor, here we are going to find this new commutator based on a quantum mechanical 
argument. 
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Introduction: 

The relation [Qi,Pj] = ihdijl is generally accepted as the canonical commutation 
relation between position and momentum operators of any particle. For massive 
particles, it can be derived by means of symmetry group transformations and the 
related Lie algebra commutators [2-4] . The derivation is based on the transformation 
property of the velocity operator u = which can be transformed to u — v 1 (where 
v is an infinitesimal velocity parameter) by operation of boost generators. However 
for massless particles e.g. photons, this transformation is not valid. The reason 
originates from the fact that the velocity of light is constant and cannot be altered 
by any transformation (it is a well-known result of Poincare transformations that 
there is no rest frame for massless particles). Consequently the derivation of the 
commutation relation [Qi, Pj] = ihSijl based on this velocity transformation cannot 
be valid for massless particles. 

The Commutation Relation Between Position And Momen- 
tum Operators For Massless Particles: 

Here we are going to deal with the commutation relation of the operators Q and 
P for massless particles. The Heisenberg equation of motion for position operator, 
based on the fact that the Hamiltonian operator is the generator of time translation, 
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gives: 



dQj 
dt 



(1) 



and the momentum operator satisfies 



Ml § 



(2) 



The employment of (1) and (2) in the commutator of Qi and Pj readily gives: 



[Qi , Pi] — [Qj j c 2 ' 



dt 



Qi, 



dQj 
dt 
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This relation is valid for both massless and massive particles. For massless particles 

the velocity is a constant operator and hence we have (see section A): 

dQj 



Qi 



dt 
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Therefore (3) and (4) give the following commutation relation for massless particles: 

ih ( dQi\ ( dQj\ 



[Qi, Pj. 



dt 



dt 
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By means of (2) the above result can be also written in the following form: 



[Qi,Pj] = ihc 2 H- 2 PiP, 



(6) 



Outlook: 

In addition to the solution of the problem of finding a suitable position operator 
for photon [l],the canonical quantum field theory of radiation based on this new 
commutation relation seems to lead to interesting results[5]. 



Section A: 

The commutators of a Lie Algebra is (must be) independent of how we choose the co- 
ordinate system and one can always choose a coordinate system in which j-direction 
identifies with the direction of photon velocity vector operator and therefore in 
our relation (4) is identified with cl and the relation (4) is trivially proved. 



Also, we can algebraically prove the relation (4): 
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But: 
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[H- 1 P l ,H- 1 P j ]=0 



Therefore 



Qii 



dt 



is a constant operator or at most a function of the operators H 



and P (note that we are speaking about free particles). 
Since ^ = H~ x Pj and according to the above result: 
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Using (I) and (II): 
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But, generally, this is impossible unless: 
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dQj 
~dt 
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